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Green’s Function Discretization Scheme for Sound
Propagation in Nonuniform Flows
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A new frequency-domain discretization technique that permits the numerical solution of the equation governing
the propagation of small disturbances within nonuniform potential flows is described. The method can be applied
successfully to the numerical solution of aeroacoustic problems because a good accuracy is preserved up to 3-4
points per period for three-dimensional unstructured meshes. The discretization scheme is based on a local in-
terpolation formula that is strictly joined to the physics of wave propagation because it is constructed with the
superimposition of elementary sources that are local solutions of the local convective wave equation. The method
presents aspects in common with both finite difference and finite element methods, with the peculiarity that the local
interpolation formula can be interpreted as a specific shape function introduced to take advantage of the physics
of the problem. The method is applied to the potential equation linearized around an arbitrary aerodynamic mean
flow, and several comparisons with theoretical results, as well as several convergence tests, are conducted to show
that a good accuracy is preserved up to 3-4 points per period also for irregular meshes with both random and
systematic distortions. Numerical calculations are presented for three-dimensional problems with both uniform
and nonuniform flow, and comparisons are made with theoretical and other available numerical results. With the
appropriate generalizations, the method can be regarded as a new, efficient general approach for the discretization

of generic partial differential equations.

Nomenclature
Al = discretized Helmholtz operator for node i
Coo = sound velocity in the undisturbed fluid
G. = convective Green’s function,

GeG, Poi M) = exp(i(k/ )]~ G = 72) - Mg
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G, = nonconvective Green’s function (Helmholtz equation),
G,(ri,ry) =¥ ="/ | — |
G,, =elementm, n of matrix G, which expresses the influence

of the nth source on the potential at the mth node of the
stencil of i; G, (!, 1)

G, =elementn, m of pseudoinverse of matrix G

i = imaginary unit /—1

i = index of ith nodes

k = wave number, @ /cx

M (i) =number of nodes that constitute the computational

_ molecule (or stencil) of node i _
M = local Mach vector of aerodynamicfield, U /cq
M, =Mach vector of undisturbed flow, Uy, /¢

N = number of fictitious sources

Ny = number of internal nodes
N, = total number of nodes (internal+ boundary)
rh = position of mth node of the stencil
r = position of nth fictitious source
2 =1- MZ
0 o . . ..
Y = complex intensity of nth fictitious source
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@i = complex potential at ith node
ol = complex potential at mth node of stencil of node i
Introduction

HE numerical simulation of sound generation and propaga-

tion by direct solution of aerodynamic field equations, usually
known as computational aeroacoustics (CAA), has received more
and more attention in the past few years from the scientific commu-
nity. The reason for the growing interest is that CAA methods, in
principle, can take into account all of the nonlinear effects. How-
ever, their application for realistic problems, in particular for three-
dimensional cases, is limited by the great amount of computational
resources required. Great research efforts are therefore devoted to
this subject, and two major aspects are under investigation. The
first concerns an accurate implementation of boundary conditions
toreduce the extensionof the computationaldomain, and the second
focuses on the developmentof specific discretizationschemesto re-
duce the minimum number of points per wave. In three dimensions
the total number of nodes is proportional to the third power of the
number of points per wave, and so, the importance of any reduc-
tion even if small can be understood easily. Presently, two different
approaches are applied in CAA, depending on the kind of problem
to be addressed. If the acoustic disturbances strongly interact with
the aerodynamic field or, in other words, if the acoustic quantities
cannot be considered small compared to the aerodynamic ones, the
full nonlinear equations have to be solved jointly for aerodynamics
and acoustics. In the other case, when the acoustic disturbances are
small, the full nonlinear equations still can be applied, but they may
cause some problems because of the different order of magnitude
of the steady aerodynamic quantities with respect to the unsteady
acoustic disturbances. Sometimes, therefore, it is preferred to lin-
earize around the mean aerodynamic flowfield and solve for the
linear acoustic disturbance in the nonuniform mean flow. In this
paper, the latter case is addressed, and a frequency-domainformu-
lation s presented that substantiallyreduces the required number of
discretization nodes. The central idea is based on the construction
of a local interpolation formula that can be considered somehow to
be connected to the nature of the wave propagation and that is used
to derive the discretization scheme.
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In the proposed approach the local interpolation is constructed
with the superimpositionof simple sources that are local elementary
solutions (Green’s functions) of the local linear convective wave
equation.The original idea was derived by Caruthers et al.,> who
focused on the solution of the Helmholtz equation. In their work,
Caruthers and colleagues build a local interpolation formula that
automatically satisfies the Helmholtz equation and then searches
for a solution that only satisfies the boundary conditions because
the verification of the governing equation already is ensured. The
major limitation of this approach is that it can be applied only in
cases for which the Green’s function of the governing equation is
known?* or when it reasonably can be computed in an approximate
form.* In the present work, the field of applicability is enlarged
greatly. A similar local interpolation formula in fact is adopted, but
itis used to derive a differentiationscheme thatis used to discretize
the governing equation effectively. The philosophy of the method
is therefore much closer to classical finite difference (FD) or finite
element (FE) methods, with the peculiarity that the shape functions
(the local interpolation formulas) are joined more closely to the
nature of the problem to be solved.

The method is applied here to the discretizationof the acoustic po-
tential equationlinearizedarounda generic aerodynamic mean flow.
Accuracy and convergence tests conducted on three-dimensional
test cases show that the method produces good results up to 3-4
points per period per dimension. Tests with randomly or systemat-
ically distorted grids also show that the accuracy of the method is
not degraded unless very strong distortions are introduced.

The method is described first for the Helmholtz equation, and
then the general case of a small-disturbance propagationin a non-
homogeneous medium is considered.

Numerical Method

The first step required to derive the new formulation is the con-
struction of a local interpolationformula that permits efficient mod-
eling of acoustic phenomena. The interpolation formula that we
use was developed by Caruthers et al.,>* and we adapt it to our
discretization technique with a few modifications.

For simplicity, we consider a generic domain in which the
Helmholtz equation is verified and suppose that we want to recon-
struct the potential distribution ¢ (r) inside a small region V), once
the values of ¢,, =¢(r?) are defined for a certain number M of
points r? inside V), (Fig. 1). A classical approach could be based
on the construction of a triangularizationamong the M points and
on the use of classical FE shape functions. With that procedure we
obtain an interpolation formula that is independent of the govern-
ing equation, and therefore we cannot take any advantage from the
knowledge of the properties of the Helmoholtz equation itself.

An alternativeapproachis to follow the work of Carutherset a
We can assume that the potential distributioninside V), is produced
by the superimpositionof N fictitious simple sources,each of which
satisfies the Helmholtz equation in such a way that their spatial dis-
tribution and intensity produce the given potential ¢,, at the points
r? . Clearly, a number of possibilities exist for the definition of the
sources. Among them, a simple, efficientapproachis to choose a pri-
ori the source positions(typically, uniformly distributed on a sphere
surrounding the region V),) and to assume that only their intensi-
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Fig.1 Numerical method.

ties are unknown. A linear system therefore can be obtained that
relates the N unknown source intensities to the M known potential
values. Clearly, a unique solution can exist only if N = M, and one
therefore would think that having the number of sourcesequal to the
number of points is mandatory. One key idea proposed by Caruthers
etal.?? is instead to use N > M because it is reasonable to expect
that increasing the number of sources improves the quality of the
reconstruction.In fact, with N = M, we can obtain great oscillations
within the region V), because, the solution being unique, nothing
assures us that the N sources do not present great oscillationsin the
intensity, and so the sources could produce the desired value of the
potential at the points M by means of great cancellationsthat occur
only at the positions of the M points. Therefore, some constraint
must be imposed on the oscillationsof the source intensity, and this
can be done using N > M and choosing from among the infinite
solutions the one that minimizes the L? norm of the source intensi-
ties. Once the source intensities are known, the potential ¢ (r) in a
generic point of V), can be obtained by summing the contribution
of the sources and in this way obtaining the desired interpolation
formula. Following the nomenclature of Caruthers et al.,” we refer
to the proposed method as the Green’s function interpolation (GFI).

Interpolation Scheme

We now can go into deeper detail in the mathematical formalism
of the above procedure. The complex acoustic velocity potential
producedby the N fictitioussourcesin the generic pointris givenby

N
¢ =Y _1G,(r.r) 6))

n=1

Imposing the verification of relation (1) at each of the M points r”
where the value of the potential is known, we obtain

N N
$2) = b =2 1Go(rh. 1)) = 312G

n=1 n=1

(m=1,M)
2)

Equation (2) can be interpreted as a linear system of M complex
equations with N unknowns y,. As already said, we consider the
case N > M and we impose a minimum L? norm constraint, select-
ing the solution for which

N
2
v
n=1
is minimum. This condition can be imposed indirectly by comput-

ing the pseudoinverseS matrix of [G], which is indicated as [GT].
The desired solution of Eq. (2) therefore can be written as

M
Vo= Gl

m=1

(n=1,N) 3

Substituting Eq. (3) into Eq. (1) and commuting the sum operators,
we obtain

M
P =Y Fu, “

m=1

where

N
F,(r) =Y G},G,(rr) 5)
n=1

Equation (4) allows us to obtain the potentialdistributionat a generic
pointr of Vj, once the potential ¢,, is known for M generic points,
and thereforeitis the desired interpolationformula. Note that Eq. (4)
has the same formal aspect of classical interpolation formulas used
in FE methods, with the functions F,, (r) playingtherole of FE shape
functions.

As shown by the numerical results of Caruthers et al.,? this inter-
polationformula behaves very well in the reconstructionof acoustic
fields, being able to reconstructan acousticfield with only 2-3 points
per wave. It therefore constitutes a solid base for the developmentof
the discretization technique for acoustic problems that we present
in this work. Although the interpolationformulais similar to that of
Caruthers et al.,>** our approach is quite different from theirs.



DI FRANCESCANTONIO AND CASALINO 1163

Discretization of Helmholtz Equation

Once the local interpolation formula has been constructed, it is
possible to apply it to the discretization of the Helmholtz equation.
The first step is to obtain a local derivation scheme that allows
expression of the derivatives of the potential in a generic point 7 in
terms of the values ¢,,. This can be obtained easily with a simple
derivation of the shape function F'; for example, the first derivative
in the x direction is given by

—[¢<r>] = Z Foux (1) ©6)

m=1

where

Foux(r) = Zcma o(r.m)] (7)

n=1

and analogous expressions can be obtained for the other first- and
second-order derivatives.

Consider now a generic three-dimensional domain D in which
the potential ¢ is governed by the Helmholtz equation with the
associated boundary conditions on 9 D:

Vip+kip =0 (re D), BC(¢p) =b (redD) (8)

Once Egs. (4) and (6) are available, several strategies can be ap-
plied to discretize Egs. (8), ranging from simple collocationmethods
up to different versions of the weighted residual approach. In the
current formulation, we adopt the collocation method because of
its simplicity; further studies have to be conducted to assess the ad-
vantages of more sophisticated methods. We therefore impose the
verification of the Helmholtz equation for all of the internal nodes
of the discretizationdomain D, obtaining the following equations:

M)

Y ALgn=0

m=1

(=1,Ny C))

and, using Eqgs. (4) and (6), it is possible to write

A, = Fixx + Fhyy + Fpyy +K°F, (10)

where

N N
= chmcg(fi,fn), Fio, = chmﬁ[c NGED)
) ) an

The expressions for the other derivatives are analogous.

It is worthwhile to mention that the stencilnodes M (i) associated
with each collocationpointi define the nodes that can affect the po-
tential derivatives at node i. The interesting aspect of the proposed
formulation is that the definition of each stencil is completely arbi-
trary for what concerns both the number of nodes and their position
with respectto the collocationnodei. Clearly, numerical considera-
tions pose some limitations, but this aspect has a big advantage with
respect to FD methods. In the current implementation the nodes of
the stencil are defined as the nodes directly connected to node i, but
higher-orderformulations can be obtained with very few modifica-
tions to the code, considering a second layer of nodes.

A similar discretizationapproach also can be used for the bound-
ary conditions (see the Appendix) and, therefore, at this point, most
of the work seems to be completed. However, a deeper analysis
shows a big problem that could make this method completely use-
less if some corrective action is not introduced. The source of the
problemis due to the properties of the shape functions F', which are
designed so that any function described with them automatically
satisfies the Helmholtz equation independently of the values of ¢,,.
This makes all of the coefficients A’  identically null because they
are obtained by derivation of the shape functions F'. In other words,
the discretized Egs. (9) are all identities because the verification of
the Helmholtz equation already has been ensured with the defini-
tion of the shape functions F'. As a first step in the descriptionof the
solution that we adopt, it is useful to introduce the method proposed
by Caruthers et al.2

Consider Eq. (4), written for the ith node:

M)

> Flgl (12)

m=1

¢r) =i =

Clearly, if node i is considered to be within the mth nodes that
constitute its stencil (e.g., if it is the first node of the stencil), then
Eq. (12) is an identity because all of the coefficients F, are zero
except F|, which is equal to 1.

An alternative approach, proposed by Caruthers et al.,” is to ex-
clude node i from the stencil when evaluating the coefficients F. .
In this case, Eq. (12) is no longer an identity and can be interpreted
as a compatibility condition that relates the value ¢; of the potential
atnode i to the values ¢!, of the potential at the nodes of the stencil
of i. It is fundamental to recognize that in this approach the lo-
cal verification of the Helmholtz equation is ensured only by the
shape function, and the discretized Eqgs. (12) simply impose a com-
patibility condition among each node and the nodes of its stencil
but does not discretize the Helmholtz equation itself. The limits of
this approach appear when we want to consider equations different
from the simple Helmholtz equation, as happens when we describe
sound propagationin nonuniformmediums. In this case the Green’s
function of the governingequationis no longer available, and there-
fore it is no longer possible to build a shape function F that locally
satisfies the governing equation. A possible remedy proposed by
Caruthers et al.* is to try to obtain an approximate Green’s function
using a wave expansiontechnique, but this is feasible only for small
nonuniformities.Besides, the wave expansiontechniquenecessarily
introduces some degree of inaccuracy in the definition of the shape
functions and, because in the approach of Caruthers et al. the verifi-
cation of the governing equation is ensured only by the appropriate
definition of the shape functions, the formulation does not seem to
be robust enough.

A completely different approach is proposed here. Instead of re-
jecting Eq. (9), our strategy is to try to modify the coefficients A’
to prevent them from being identically null. As we have seen, the
coefficients Al are zero because any function described with the
local interpolationformula (4) is an exact solution of the Helmholtz
equation, and therefore its Helmholtz operator automatically will
be zero. Clearly, if we replace F' with a different shape function,
the problem disappears, but on the other hand we want to keep the
new shape function as close as possible to the previous one to pre-
serve its efficiency in modeling acoustic phenomena. Thus, there
are two opposite tendencies that drive us in the definition of the
new shape functions: The potential described by means of the local
interpolation formula does not have to be an exact solution of the
Helmholtz equation, but we do not want to move too far away in
order to maintain a good description of wave propagation.

For clarity, we first explain our solution in two dimensions and
then we considerthe three-dimensionalcase. Suppose therefore that
we want to solve the two-dimensional Helmholtz equation on a two-
dimensionaldomain. If we distributethe fictitioussourcesonacircle
and consider in Eq. (1) the two-dimensional Green’s function, we
come back to the same problem and again obtain all A? equal to
zero. However, a simple remedy can be obtained if we distribute the
fictitioussourceson a sphereand use in Eq. (1) the three-dimensional
Green’s function. The interpolation formula obtained is in fact an
exact solution of the three-dimensional Helmholtz equation, but,
because we are discretizing the two-dimensional equation, the A!
coefficients will be differentfrom zero. On the other hand, the three-
dimensional Green’s functionhas a strong relationshipto the physics
of wave phenomena,evenif we are consideringthe two-dimensional
case, and so, it is reasonable to expect that the interpolationformula
will still preserve its accuracy. In effect, numerical tests have been
executed on simple two-dimensional test cases, showing that, with
the above formulation, good results can be obtained with discretiza-
tion as coarse as 2-3 points per wavelength. Because the method
works fine for the two-dimensionalcase, it is reasonableto try to use
it as a starting point for developing the full three-dimensional for-
mulation. A rather natural extension can be obtained if we introduce
a fictitious fourth spatial dimension, interpretingthe vectorsr, r*, r”
thatappearin G, and in Egs. (1) and (2) as four-dimensionalvectors
and distributing the N sources on a four-dimensional hypersphere.
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To preservethe complete parallelism with the two-dimensionalcase,
we shouldusein Eq. (2) the Green’s functionof the four-dimensional
Helmholtz equation. However, in the current formulation, we use the
three-dimensional Green’s function because of its simple analytic
expression. Clearly, further studies are required to assess whether
the use of the four-dimensional Green’s function can provide any
further advantage.

Some Numerical Results

To analyze the capabilities of the proposed Green’s function dis-
cretization (GFD) method, we modeled some three-dimensional
problems whose theoretical solutions are known. Two cases are
considered. In both, the computational domain is a cube of unitary
length, but different boundary conditions are imposed on the cube
faces. The first problem (Fig. 2) simulates sound propagation in a
uniform medium and is referred to as the radiation case. A source
is placed on a diagonal of the cube (outside the computational do-
main), and a Dirichlet condition, obtained from the source itself,
is imposed on the three faces visible from the source. A radiation
condition is imposed on the other faces. The GFD method then is
used to compute the potential inside the cube, which is compared
with the known solution produced by the source. The second prob-
lem, referred to as the scattering case, simulates sound propagation
in the presence of a rigid plain wall with the source again placed on
the diagonal of the cube (Fig. 3). One face of the cube (x =0; the
dark shaded part of the figure) is placed on the rigid wall and a tan-
gency condition is applied; the opposite face (the light shaded one)
is modeled with a scattering condition (see Appendix). The other

Z

faces | Boundary Condition

z=0 Dirichlet

z=1 Radiation Y

y=20 Dirichlet 1

y=1 Radiation

z=0 Dirichlet / X
z=1 Radiation 1
Source | (—6.0,-6.0, —6.0) )

o Source (-6,-6,-6)

Fig. 2 Schematic view of radiation test case.

Source o (4,4,4)

faces | Boundary Condition
z=0 Tangency
z=1 Scattering
y=0 Dirichlet
y=1 Dirichlet
z=0 Dirichlet
z=1 Dirichlet
Source (4.0,4.0,4.0)

faces (white) are described with a Dirichlet condition obtained from
the exacttheoretical solution produced by the sourcein the presence
of the rigid wall.

Numerical results are presented for regular, randomly, and sys-
tematically distorted meshes, as well as for combinationsof random
and systematic distortions. A few results are presented as surface
plots of the potential on a plane section of the cube, but most of the
results are presented as convergence histories in terms of the source
wave number.

The first result reported in Fig. 4 concerns the radiation prob-
lem for a discretizationof 16 X 16 x 16 nodes with a wave number
k =30, corresponding to about 4 points per period in the case of
propagation along the edges of the stencil. The surface plot of the
real and imaginary parts of the potential distribution (continuous
line) is compared with the theoretical solution (dots) for a plane
section of the cube. In spite of the reduced number of points per pe-
riod, it is possible to see that the two solutions compare fairly well.
The second case, reported in Fig. 5, concerns a scattering problem
with the same discretizationand with a wave numberk = 20. Similar
accuracy also can be obtained for higher values of the wave num-
ber, but, because of the complex behavior of the field, they cannot
be visualized well. The same cases are considered in Fig. 6, which
compares the convergence behavior of the radiation and scattering
test cases as a function of the wave number for a regular Cartesian
mesh of 6 x 6 x 6 nodes. In particular, the abscissareports the value
of the productk A, with k being the wave number and A the distance
among the nodes in the discretizationstencil. The right and left ordi-
nates give, respectively, the normalized amplitude and phase errors,
defined as

t eor 2
Amperr = | izt LIl = 9" |]
P - Ni theor |2
il
. (13)
Nee ; — L theor
Phase err = L L 0.

XL (Lo

Note that a value kA = corresponds to a discretization with 3
points per period in the case of a rectangular stencil and waves
propagating along the edges. From the figures, it appears that the
solution is accurate enough also for high values of KA. As an ex-
ample, for kA ~ 2.5, the overall error is below 10%. In Figs. 7-9,
the radiation test case is considered using various kinds of irregu-
lar meshes. In Fig. 7, angular distortions of 20, 30, and 40 deg are
applied to the Cartesian regular mesh along both the x and y axes.
In Fig. 8, random perturbationsof 0.1A, 0.2A, and 0.3 A applied to
x,y, and z coordinates of all internal nodes are considered. Finally,
in Fig. 9, combinations of random perturbations and angular dis-
tortions are analyzed. As it is possible to see, the method seems to
be extremely robust in terms of both random and systematic stencil
irregularities because accuracy is good except when distortions are

Theory —
GFD o

b

l
i
I

\
X ({

Imaginary

Fig. 4 Radiation case (acoustic potential on a plane at 2 = 0.26, 16 X 16 X 16 nodes, k = 30).
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theory — present method o

present method ¢

Real Imaginary
Fig. 5 Scattering case (acoustic potential on a plane at 2 =~ 0.53,16 X 16 X 16 nodes, k = 20).
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Fig. 6 Radiation and scattering test cases with Cartesian regular mesh, 6 X 6 X 6 nodes: Comparison of normalized amplitude and phase errors in
terms of source frequency.
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Fig.7 Radiation case: Comparison of regular Cartesian mesh with angular distorted grids (10,20, 30, and 40 deg); normalized amplitude and phase
errors are compared in terms of source frequency.
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Fig. 8 Radiation case: Comparison of regular Cartesian mesh with randomly distorted grids (10, 20, and 30%); normalized amplitude and phase

errors are compared in terms of source frequency.
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Fig.9 Radiation case: Comparison of regular Cartesian mesh with combination of random and systematic distortions; normalized amplitude and

phase errors are compared in terms of source frequency.

very high. As a last result, a similar analysis is executed in Fig. 10
for the scattering test case, comparing the regular mesh result with
one obtained with a random perturbed mesh of 0.2A. In this case,
good results are obtained with the random mesh except for high kA
values. Remember, however, that the tangency condition applied
in this test case is inherently less robust than that of the boundary
conditions applied in the radiation test case.

Discretization Scheme for Nonuniform Flows

Once the formulation has been developed and tested for the linear
Helmholtz equation, it is rather simple to extend it to more complex
cases. Consider, for example, the propagationof small acoustic dis-
turbancesin a known nonuniformaerodynamic flowfield. The prop-
agation of a small harmonic acoustic disturbance in a nonuniform
irrotational flow can be described by the following partial differen-
tial equation (see, e.g., Refs. 6 and 7):

{141y = 1/2)(ML — M?*)}V2¢ +1i2kM - V¢
—V(M2)2)- V¢ —M-V(M-V$)— (y —1)(V- MM -V¢

+iy = DKV - M)p + K¢ =0 (14)
Equation (14) results from linearizing the nonlinear full potential
equationaround a mean steady aerodynamicflowfield and assuming
a harmonic velocity potential in the form ¢, = ¢e—".

A firstapproach could be simply to evaluate the derivation coeffi-
cients (F., F! ., Fi ., ...) required for the discretizationof Eq.
(14) using the same shape functions F' developed for the Helmholtz
equation. With this approach we locally describe the acoustic po-
tential as a solution of the linear Helmholtz equation, but because
we effectively discretize Eq. (14) we can still get the correct solu-
tion. This is one of the advantages of the new formulation over the
one proposed by Caruthers et al.: it allows correct solutions to be
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Fig. 10 Scattering case: Comparison of regular Cartesian mesh with randomly distorted grids, 6 X 6 X 6 nodes; normalized amplitude and phase

errors are compared in terms of source frequency.

obtained even if the interpolation formula is based on a incorrect
Green’s function. Even if this simple approach works reasonably
well, it is clear that improvementsin efficiency can be obtained with
abetter choiceof theinterpolationfunction. Use of the Green’s func-
tion of the linear Helmholtz equation during the derivation of the
shape function F' is equivalent to assuming that the fluid is at rest.
A natural improvement therefore can be obtained if one assumes
that the fluid is locally in uniform motion, adopting the convective
Green’s function G . instead of G, during the derivation of the shape
functions F'. The new shape function therefore can be written as

N
Fu(P) =Y GG (F 7M@), G, = G(FL, 7 M(P))
(15)

n=1

The discretized formulation of Eq. (14) can be written in form (9),
where the coefficients A! are given by

Al =[1-A- M?] F,;XX+[1—A—M3] Foyy

+[1— A= M) F,pp = 2 MM Fy ey

—2[M M. F, =2 M M. F,y

+[i2kM, — B, — CM, ] F}, + [i2kM, — B, — CM,] . F,,
+[i2kM, — B, — CM_] . F,,, + [K* +ikC]. F, (16)

with

2 [o¢]
(17
oM, oM, oM,
B, =2(M,—+ M, — +M—
! ( Y ax 4 ox + M dx >
IM, IM, M.
B, =2<Mx +M,— +MZ—"> (18)
’ ay S dy ay
oM, oM, oM,
B.=2(M, +M,—= + M —
) 0z T 0z -0z
(19)
C=( 1) oM, + oM, + oM
- 0x ay a0z

Numerical Results for Nonuniform Flows

Before showing nonuniform flow calculations, the radiation test
case previously described was analyzed by introducing a uniform
aerodynamic mean flow corresponding to a Mach number of 0.3
in the y direction. The comparison between our formulation and
that of Caruthers et al.?*? is very instructive for this case. Figure 11
reports the results for the two approaches, and for each formula-
tion, the shape functions obtained with both the convective and
nonconvective Green’s functions are considered. As can be seen,
the two formulations provide almost identical results when the con-
vective Green’s function is used, but our approach is more efficient
when the nonconvective Green’s function is used. In the test case
considered,the convective Green’s functioncorrespondsto the exact
Green’s function of the problem to be solved and so it is reasonable
toexpectthatthe formulationof Caruthersetal. works fine, but when
a different Green’s function is adopted our method still maintains a
good accuracy, but the method proposedby Caruthersetal.>3 is less
accurate. This fact is an important indication of the capabilities of
the method in the case of true nonuniformflows, where the effective
Green’s function is not known.

A difficulty in the analysis of test cases for three-dimensional
problems in nonuniform flows is given by the few results available
that can be used for comparison. One set of theoretical results was
given by Taylor® for a pulsating or juddering sphere placed in a
nonuniform flow produced by the sphere itself when invested by a
flow at low Mach number. A sphere of unitary radius a = 1, pul-
sating with a wave number k = 1, and invested by an asymptotic
flow with M =0.1 in the x direction is considered. In this case the
results provided by Taylor® can be considered correct because the
assumptions on which the solution is based can be considered to
be verified (M and Mka both small). Even if the problem presents
an axial symmetry, it is treated here as a fully three-dimensional
problem; the computational grid is obtained starting from a surface
pannelization of the sphere with 1280 triangular panels, and the
volume mesh is obtained by introducing 11 spherical layers in the
region betweenr = 1 (the surface of the sphere) and r =7 (the outer
part of the computational domain), for a total of 7062 nodes and
12,800 volume elements. For the frequency to be analyzed (k = 1),
this discretization corresponds to about 6 points per period in the
outer portion of the mesh. A tangency condition that correctly de-
scribes the pulsation”® is imposed on the sphere surface, and a
radiation condition (see Appendix) is imposed on the outer portion
of the mesh (» =7). Figure 12 gives the real and imaginary parts
of the acoustic potential in the plane y =0 for two different radii
(r =2 and 4) as functions of the polar angle . As can be seen, in
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Fig. 12 Pulsating sphere with M =0.1 and k = 1.0: Comparison with theoretical results for radii r =2 and 4.

spite of the reduced number of points per period and the reduced
outer extension of the mesh, the agreement with theoretical results
certainly can be considered satisfactory, and the variation of the
potential with the angle 6 is well captured. Figure 13 reports the
potential on the surface of the sphere for a case with k=3.1 and
M = 0.3, for which the theoretical results are no longer valid. The
comparison therefore is executed with the results of an axisymmet-
ric FE code, the results of which are reported by Astley and Bain.”
The same number of nodes as the previous case is adopted, but in
this case the outer portion of the mesh is placed at r = 3, resulting
in a minimum of about 4 points per wave. The results in this case
are also satisfactory.

As afinal example of three-dimensionalcalculationswith nonuni-
form flows, the sound scattered by a vortex is considered as shown
in Fig. 14. The Mach distribution inside the vortex is given by
M(ry=M, for r <r; and by M(r)=M,r,/r for r <r,, with
M, =0.5, r,=0.01, and r, =0.2. A source, placed at a distance

r =10, is used to define the incident potential on the lateral surfaces
of the cube, on which a scatteringboundary conditionis imposed. A
regular Cartesianmesh of (11 x 11 x 11) nodes was used in the cal-
culations. The contour plot of the amplitude of the acoustic potential
within the cube in the plane z=0.5 is reported in Figs. 15 and 16,
respectively,for two different values of frequency,k =5 and 7. (The
external radius of the vortex r, also is reported in the figures.) For
these cases, results to be used for comparison were not available
to the authors, but the behavior of the fields produced is certainly
reasonable.

Analysis of the Formulation
As is evident from the preceding sections, the interesting proper-
ties of the proposed scheme arise from the peculiarity of the adopted
shape functions, which are designed specifically for the problem
to be addressed. As an interesting consequence, two discretiza-
tion stencils, even if geometrically identical, can have different
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discretization coefficients, depending on the local properties of the
flow and on the frequency analyzed.

In comparing the new GFD method with classical FE or FD ap-
proaches,itis possibleto think thatits nice propertiesare obtainedby
narrowing the space in which the solutionis sought. In FE methods,
in fact, the shape functions are designed so that, with a sufficiently
refined discretization, they can describe a completely generic func-
tion. On the other hand, in the GFD approach, the shape functions
can describe only a specific set of functions, in particular, the ones
thatlocally satisfy the wave equationfora givenfrequency.Itis clear
that, even if the discretization were to be greatly refined, it would be
impossible to reconstructa generic field (e.g., a constant one) that
is not a solution of the wave equation for the frequency considered.

Under this point of view, one can considerthat the increased accu-
racy of the proposedmethod is obtained at the expense of generality,
because the formulation works well only for the specific problem
for which it is designed. Note that FD methods can be considered,
in a certain sense, as a limit case of the GFD approach. The essence
of any FD method, when applied to the Helmholtz equation, is the
definition of the coefficients of the computational stencil that per-
mit evaluation of the Laplace operator. In an FD approach, these
coefficients are independent of the frequency, whereas in the GFD
method they depend on the frequency. However, it is possible to
evaluate the GFD coefficients forcing k = 0 even if the correct value
of k clearly is maintained in the discretization of the Helmholtz
equation. In this case, one can obtain frequency-indepencent co-
efficients that are very similar to classical FD ones. In particular,
if we use the classical 7-point three-dimensional stencil typical of
second-order-accurae FD discretizationon regular Cartesian grids,
we obtain exactly the same coefficients of FD, and therefore the
method is completely equivalentto an FD method. This fact can be
used to compare quantitatively the efficiency of GFD to that of FD
methods.

80

100 120 140 160
theta

180

Pulsating sphere with M =0.3 and k =3.1: Comparison with FE results for surface potential.

The previously described radiation test case is considered, and a
convergenceanalysisis conducted with the GFD approachand with
a modified version of GFD that forces k = 0 in the coefficient eval-
uation (the correct value of k, however, is kept in the discretization)
and that is completely equivalent to a second-order FD discretiza-
tion. To ensure a complete equivalence, a regular Cartesian grid is
adopted within the cube and the 7-point computational stencil is
used for internal points by both GFD and FD. Also, the boundary
nodes are treated in a completely equivalent manner, always using
the same stencil in both formulations.

Figure 17 shows a comparison of convergence properties of the
two methods (as usual, in terms of normalized amplitude and phase
errors), and the great advantages introduced by the GFD method
are evident. As can be seen, the order of convergence in the two
calculations is similar because it is driven by the number of nodes
that constitute the stencil, which is exactly the same for both internal
and boundary nodes. On the other hand, GFD is more than one order
of magnitude more accurate than FD in all frequency ranges. If we
want to compare FD and GFD in terms of computational cost for
obtaining a given accuracy, we can see from Fig. 17 that, to get a
relative overall error of about 0.01, kd has to be equal to about 0.75
for GFD and 0.16 for FD.

For three-dimensionalproblemsthis meansthat FD requiresabout
100 times more nodes than required by GFD. On the other hand,
evaluation of the GFD coefficients is generally more expensive, but
this is greatly compensated by the reduced number of discretization
nodes. Anotherinterestingaspect, which can be missed at first view,
is the complete topological generality of the proposed approach.
With FD schemes the topology of the mesh is limited to a few possi-
bilities (Cartesian, cylindrical, etc.). With FE approaches, the situa-
tionis betterbecausethe overallmesh canhave an arbitrary topology,
butin any case it is obtained assembling a large number of elements
belonging to a small collection of elements with fixed topology;
the FE shape functions are in fact available only for some specific
topology of the discretizationstencil (cube, tetrahedron,etc.). In the
new method, not only can the overall mesh have an arbitrary topol-
ogy, buteach discretizationstencil can assume a completely generic
topology. The definition of the shape functionin aregion V), is based
on an arbitrary number of nodes with no specific restriction on their
positions within the volume V). Clearly, numerical considerations
pose practical limits on the relative positions of the nodes, but never-
theless this aspect constitutes an important advantage, which makes
implementation of the formulation much easier.

The new approach also can be considered for applications other
than aeroacousticones. The central idea of the formulationis based
on the developmentof some problem-specific interpolationformula
to be used for the discretization. The process for derivation of the
interpolation formula is based on knowledge of a Green’s function
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Fig. 17 Comparison of GFD and FD methods based on the same stencil for the radiation test case; normalized amplitude and phase errors are

compared in terms of source frequency.

of a simplified equation that is somehow related to the complete
equation to be solved. In the analyzed case, the simplified equation,
whose Green’s functionis known, is the convective wave equation,
but clearly a number of different problems can be addressed with a
methodology such as this.

The method also makes it possibile to model different kinds of
boundary conditions efficiently by developing specific shape func-
tions for the desired condition (see Appendix).

Further investigations should be conducted to clarify the advan-
tages of the method as well as its limitations. In particular, it would
be interesting to have a full understandingof the implications of the
introductionof the fictitious fourth space dimension, and eventually
of the use of a four-dimensional Green’s function. Other interest-
ing aspects concern the possibility of extending the method to other
kinds of equations, and introducing more sophisticated collocation
techniques.

A major improvement of the formulation, which is now under
investigation,couldbe the developmentof an analogousformulation
in the time domain, which could permit the method to be applied to
fully nonlinear equations.

Conclusions

A new frequency-domain discretization for aeroacoustics prob-
lem, which can be applied to the description of small-disturbance
propagationin nonuniform flows, is presented. The method permits
a good accuracy up to 3-4 points per periodin the three-dimensional
case with unstructured meshes, and therefore it represents an effec-
tive improvement over methods currently available. The scheme
has proved to be extremely robust in terms of both systematic and
random mesh irregularities, and several numerical results are pre-
sented to substantiate the nice properties of the method. From a
different perspective the method also can be regarded as an effi-
cient discretization approach for a wide range of partial differential
equations.

Appendix: Theoretical and Numerical Aspects
of Implementation of Boundary Conditions
Some theoretical and numerical aspects of implementation of
boundary conditions in the presence of flow are described. Neglect-
ing the trivial Dirichlect condition and the tangency condition that
is well treated by Myers,” we focus on radiation and scattering
conditions.

Radiation and Scattering Conditions

A radiation condition can be specified at the external boundary
of the domain, where a nonreflecting condition for the acoustic
disturbances is required. The desired condition may be obtained by
generalizing the asymptotic behavior (r — 00) of some elementary
acoustic fields in the presence of flow,® obtaining

9 _kmp =0
ar
(AD)
Mo —M P4 (F - M)+ B2
rpB?

The coefficient M takes into account the direction7 along which the
acoustic disturbancesleave the computationaldomain and an even-
tual presence, at the external boundary, of an aerodynamic uniform
flow defined by the Mach vector M.

A problemof greatpracticalinterest,usually known as the scatter-
ing problem, is to determine the effect of a body on the acousticfield
producedby generic sources. In this case the body is enclosedin the
computational domain and the acoustic sources are placed outside.
The external boundary of the computational domain therefore has
to satisfy the opposite necessities to define the incident wave, and to
allow the scattered wave to leave the computationaldomain without
reflections. These two requirements may be synthesizedin a single
equation referred to as the scattering condition, which is substan-
tially a radiation condition applied only to the reflected component
of the potential. Splitting the total acoustic potential in its incident
and scattered components (¢ = ¢ + @i ), then from Eq. (A1), it
follows that

3¢

ar
which defines the scattering condition.

1kM¢ = - ikM¢inc

0 inc
¢ll (A2)
ar

Discretized Formulation of the Boundary Conditions

Once the analytical expressions of the boundary conditions are
given,itisclearly possibleto use the already-derivedshape functions
F to discretize them using the usual procedure. However, an alter-
native approach is available that also has the advantage of showing
the great flexibility of the proposed methodology. The shape func-
tions F are determined by solving an underdeterminedsystem with
the number of unknown N greater than the number of equations
M. 1t is easy to realize that we have a number (N — M) of additive
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conditions that we can apply at our discretion to obtain some modi-
fied shape functions that satisty further requirements. For example,
following the suggestion of Caruthers et al.,? the verification of the
tangency condition can be imposed for a certain number of additive
points near the collocation node for which the tangency condition
has to be imposed. The shape functions obtained can be considered
as modified versions of the F’ functions, specifically designedfor an
efficient implementation of the tangency condition. Clearly, similar
approaches also can be used for the discretization of other kinds of
boundary conditions if the normal implementation is not accurate
enough.
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